POISSON—LIE GROUPS. THE QUANTUM DUALITY PRINCIPLE
AND THE TWISTED QUANTUM DOUBLE

M. A. Semenov-Tyan-Shanskii

The quantum duality principle relates the quantum groups that arise on the quantization of Poisson—Lie dual groups and
generalizes Fourier duality. Also considered are the theory of the Heisenberg double, which replaces the cotangent bundle for
quantum groups, and its deformations (the twisted double).

The “theory of doubles” and its ramifications is a difficult part of the theory of quantum groups. The author does not
know of any detailed exposition of this theory with all its motivations. This paper is an attempt to fill this gap partially.
Mainly, we shall not consider the Drinfel’d double [1] but the related “Heisenberg” double, which for quantum groups plays
the role of the cotangent bundle. Another important subject of the paper is the quantum duality principle (we describe it in detail
in the Introduction). The length of the paper did not permit us to include the proofs, but I hope that the intuitive foundations
of the constructions are described reasonably clearly. The main attention is devoted to the algebraic and geometric aspects of
the matter; as regards analysis (topology of the algebras, completion, etc.), I have here allowed myself the liberty traditionally
granted to physicists working with infinite-dimensional objects. At various times I have discussed the questions considered here
with A. Yu. Alekseev, A. N. Kirillov, N. Yu. Reshetikhin, F. A. Smirnov, L. A. Takhtadzhyan, and L. D. Faddeev. Tam
sincerely grateful to all of them.

With deep sadness, I dedicate this paper to the memory of M. K. Polivanov.

1. INTRODUCTION

The theory of quantum groups is an attractive and increasingly popular generalization of the theory of Lie groups and
algebras. Nontrivial examples of quantum groups are associated with quantum deformations of covering algebras of finite-
dimensional semisimple and affine Lie algebras. The standard way of describing deformations is in terms of generators and
relations (which generalize the classical Chevalley—Serret relations) [1,2]. The Faddeev—Reshetikhin—Takhtadzhyan dual
approach [3,4] consists of the construction of the quantized covering algebras as deformations of affine rings of functions on
Lie groups. The construction of the quantum deformation of the algebra Fun(G) was, of course, one of the first results of the
theory of quantum groups and is a direct generalization of the Baxter commutation relations RT;T,=T,TiR. A nontrivial
circumstance, first noted by Faddeev, Reshetikhin, and Takhtadzhyan, was that the dual algebra Fun,(G)* ~ U,(&) can also
be described as a deformation of a ring of functions on a Lie group (namely, on the dual group G*, see below).”

A more general Faddeev—Reshetikhin—Takhtadzhyan construction is associated with the quantum duality principle, which
we now formulate. We note first that in the semiclassical approximation the quantum deformations of function rings are
associated with Poisson brackets on Lie groups. The class of Poisson structures associated with deformations of the algebras
Fun(G) in the category of Hopf algebras is described by the following well-known axiom.

Definition (Drinfel’d [5]). A Poisson bracket on a Lie group G defines on it the structure of a Poisson—Lie group if the
multiplication '

m:GxG—-G

is a Poisson mapping (see [6] for the general theory of Poisson manifolds).

A Poisson bracket that satisfies this condition is degenerate and vanishes at the identity of the group. Linearization of it
at the identity defines the structure of a Lie algebra in the space T, G ~ &*. The pair (&, ®")is called the cotangent Lie
bialgebra of the group G. The Lie brackets on & and &* satisfy the following consistency condition:

*In coded form, this circumstance was also noted in [1] (“equivalence of the category of OFSH algebras to the category of QUE algebras.”
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Let ¢ : & — & A & be the mapping dual to the commutator
Lhi®" AB — &
Then ¢ is a 1-cocycle on &, i.e.,
oIXY) =[18X+XQLe(V)] - {I8Y +7 & 1,¢(X)].

Let cg, fc“b be structure constants of the Lie algebras &, & with respect to the basis {¢;} in & and the dual basis {'} in
&*. Then the consistency condition means that

N e ke ek
il — A i ey — e S v G fF =0

This condition is symmetric with respect to ¢, f; thus, if (&, 8"} is a Lie bialgebra, then (8", ) is also a Lie bialgebra. Let
G” be a Lie group with Lie algebra &*. Since the correspondence between Lie bialgebras and Poisson—Lie groups is functorial
[5], G" is also a Poisson—Lie group.

Going over to the quantization, we can (provided the hindrances are equal to zero, see [1]) construct from given Poisson
algebras Fun(G), Fun(G") two Hopf algebras Funq(G) and Funq(G*). The quantum duality principle is that these algebras are
duals of each other as Hopf algebras.

More precisely: Let h be the deformation parameter. There is defined a nondegenerate bilinear pairing

Fun,(G) ® Fun,(G*) — C[[h]],
which reduces the algebras Funq(G), Funq(G*) to duality as Hopf algebras. From this, in particular,
Fun (G*) ~ U,(8).
By duality, we also have
Fun (G) ~ U,(8°).

As a simple example, we consider a trivial Lie bialgebra. Let & be an arbitrary Lie algebra, and &* be its dual space
equipped with null Lie bracket. In this case, the Poisson bracket on G is null. The dual group is the additive group of the space
&* equipped with the Lie—Poisson bracket [6,7] of the algebra &. On quantization, the algebra Fun(G) does not change in
this case (since the Poisson bracket on G that defines the germ of the deformation is null). The deformation of the algebra
Fun(®*) can be identified with the universal covering algebra U(®) [7), where v € Fun(&*) is regarded as the symbol of the
differential operator on the group G. The formula for the pairing Fun(G) ® Fun,(6*) — C [[4)] has the form

(s-mb):/G o w(z)w(P)exp{é(nlogZ)}drdp. (1.1

The measure dx dp on G x 8 ~ T"G is, of course, the Liouville measure on the cotangent bundle 7°G. The appearance of
TG in this context is not fortuitous. The pairing (1.1) also canonically generates the action

Fun (") @ FunG —» FunG: ¢ ® ¢ — (Ap,id®y),

the usual action of U(®)on Fun(G) by left-invariant differentiations. Let A be the associative algebra generated by U{®) and
Fun(G) regarded as operators of differentiation and multiplication in Fun(G). Then A is a quantization of the Poisson algebra
of functions on T°G with canonical Poisson bracket; the algebra A arises together with its irreducible (Schrddinger)
representation.

Thus, even in the case of trivial Lie algebras the quantum duality principle is nontrivial — it includes, for example, the
theory of Fourier transformation (and, in the Abelian case, the theory of Pontryagin duality). In the general case, the quantum
duality principle can also be regarded as a generalization of Fourier transformation theory (cf. Sec. 4).

For semisimple Lie algebras, quantum deformations of the Poisson algebras Fun(G) and Fun(G") can be readily constructed
if the corresponding quantum R matrices are known; this also makes it possible to verify the quantum duality principle. The
need for a priori knowledge of the quantum R matrices can be regarded as a certain shortcoming of the
Faddeev—Reshetikhin—Takhtadzhyan method. However, this shortcoming is offset not only by the geometrical transparency
of the construction. More important is the fact that the Faddeev—Reshetikhin—Takhtadzhyan construction and its
generalizations make it possible to include the algebras Funq(G) and Funq(G*) in the complete association of related algebras.
In the first place, we have here the quantum analog of the algebra Fun(7*G) — the “Heisenberg double” of the quantum group
Fan (D). .

For ordinary Lie groups, D, =T"G, and Fun /D) is the Heisenberg algebra generated by the operators of differentiation
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and multiplication on the group G. We recall that the connection between the canonical Poisson bracket on 7°G and the
Lie—Poisson bracket on &* consists mainly of the usual geometrical construction of irreducible representations of the group
G (“orbit method”). The connections between the algebras Funq(G), Funq(G*), and Funq(D+) are the exact analog of the orbit
method. Because of lack of space, we shall not present here in detail this aspect of the theory. I hope to describe the “quantum
orbit method” in a separate paper.

In many interesting cases, the algebra Funq(D+) admits nontrivial deformation (“twisted double™). In particular, this
makes it possible to construct nontrivial deformations U,(®)®" that are the exact analog of the central extension of the loop
algebra L& [8].

The logic of the construction for general semisimple or affine algebras is as follows:

1. We use the Drinfel’d—Jimbo construction to construct the deformation in terms of generators and relations.

2. The theory of the universal R matrix [9,10,11] and the theory of representations of U,(®) give expressions for the
quantum R matrices and for the generators of the rings Funq(G) and Funq(G*) in terms of the Drinfel’d—Jimbo generators.

3. After this, we can also describe all the related algebras (double, twisted double, and their subalgebras), which do not
admit a simple description by means of “root” generators. In this paper, we shall not consider questions relating to the
construction of universal R matrices and R matrices in specific representations, and we assume (in the spirit of [3]) that the
necessary R matrices are known in advance.

2. SEMICLASSICAL DUALITY THEORY

Let (&, *) be a Lie bialgebra, d = B4®*. On 0 there exists [5] a (unique) Lic algebra structure such that:
1) &, 8" C 0 are Lie subalgebras,
2) the canonical bilinear form on v,

(X, (X ) = F(X) + F1(X) 2.1

is ad D invariant.
Let Pg, Ps* be the projectors onto &, &* C 0 in the decomposition 0 = &+®*. The operator

Ty = Pg = Pos 2.2)

is skew symmetric and can be identified with the element A*d. The formula

X Y] = s ([r X, Y]+ [X, 7 YY) (2.3

o)

defines in the space ?* ~ 0 a Lie bracket that transforms (9,9*) into a Lie bialgebra. It is readily seen that in fact
>Ep8° (2.4

(direct sum of Lie algebras).

The bialgebra (9,0*) is called the double (&, &*). It is clear that the bialgebras (®,®*) and (®*,®) have a common
double. Let D be a Lie group with Lie algebra 9. Many important Poisson structures are defined on D. The simplest of them
are described as follows. Let ¢, y € C®(D). Let X,. X, be the left and right gradients of ¢, defined by

d
{(Xp(=),€) = (E) plez),  (X.(z),€) = (%) o(ze), €. (2.5)
t=0 t=0
We set
(9, 0)a = 5 (ro X, Xy) & 3{ro X, X). 2.6),

The bracket {,} transforms the group D into a Poisson—Lie group, and its tangent Lie bialgebra is precisely (9,0*). The bracket
{,}, is nondegenerate and defines on D a symplectic structure. If (®,*) is a trivial Lie bialgebra, then D= Gx &* is a
semidirect product of the group G and the additive group &*. Thus, in this case D can be identified with the cotangent bundle
T*G. It is readily seen that the bracket {,}, is identical to the canonical bracket on 7°G. The bracket {,} is strongly degenerate
— it is the direct product of the Lie—Poisson bracket on &* and the trivial bracket on G.

In the general case, the bracket {,}, is also the analog of the canonical bracket on the cotangent bundle. To describe its
connection with the Poisson brackets on G and G*, we first recall some simple facts on Poisson reduction (which generalizes
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ordinary Hamiltonian reduction) [12,13].

Let M be a Poisson manifold. The group action HXM->M is said to be admissible if the space Fun(M)H of H-invariant
functions is a Lie subalgebra in the Poisson algebra Fun(M). Generally speaking, admissible actions do not necessarily preserve
the Poisson bracket on M. If HxXM-»M is an admissible action and the factor space M/H is a smooth manifold, then Fun(M/H)
and Fun(M)H can be identified. Thus, on M/H there is defined a Poisson structure such that the canonical projection w: M=M/H
is a Poisson mapping. One says that M/H is obtained from M by a Poisson reduction. Even if M is symplectic, the bracket
on M/H is, in general, degenerate. The nontrivial part of the reduction is the description of its symplectic sheets. This problem
is solved by means of the concept of dual pairs [6].

We shall say that admissible actions of the groups H and H’' on M are dual to each other if the subalgebras Fun(M)¥ and
Fun(M)f’ are the centralizers of each other in the Poisson algebra Fun(M). We assume that the manifold M is symplectic and
that H and H' are dual groups of transformations of M. In this case, the symplectic sheets in M/H are connected components
of the sets w(x'~1(x)), x€ M/H'; similarly, the symplectic sheets in M/H' are connected components of the sets 7r’(7r“‘1(y)) and
yEM/H [6].

THEOREM 2.1 [12]. Let G and G* be dual Poisson—Lie groups, and D 4 be their double with the Poisson bracket
(2.6) ... 1. The actions of the groups G and G on D by right and lefi shifts are admissible. 2. The actions of the group G
(G") by right and left shifts form dual pairs.

An open everywhere dense subset of elements in D containing the neighborhood of the identity admits the unique
factorization

t=99"=g'¢, 9.9€G, ¢ .7 €G".
Thus, the group G can be identified with an open everywhere dense subset in D/G*, G\D, and the group G* with an open
everywhere dense subset in D/G, G\D.

THEOREM 2.2 [12]. 1. GCDI/G" is a Poisson submanifold, the induced Poisson structure on G is identical to the
original one. 2. Similarly, G CDIG is a Poisson submanifold, and the induced structure on G is identical to the original one.

For trivial Lie bialgebras, D=T G, D/G=G\D= &*; then Theorem 2.2 is transformed into the well-known result on the
connection between the canonical Poisson bracket on T°G and the Lie—Poisson bracket on &*, and the dual pair of Theorem
2.1 becomes a theorem stating the commutation of the right and left moments; this theorem is the basis of the classical “orbit
method” [14].

The main thing of interest for us is the case of the so-called factorizable Lie bialgebras [15]. Let & be a semisimple Lie
algebra equipped with a fixed nondegenerate invariant scalar product. We identify by means of it the spaces ®* and &. The
structure of the bialgebras on & is given by the cobracket

1
¢(X)=-§[X®1+1®X,r], (2.7)
where r € A*® is the classical 7 matrix. By virtue of the isomorphism &* ~ &, we can identify 7 with a skew-symmetric
operator in . We require that the operator r satisfy a modified classical Yang—Baxter identity
[rX,rY] = r([r X, Y]+ [X,7Y]) - [X,Y]. (2.8)

The bracket on &* ~ &,dual to (2.7) is given by
r 4 1 : v -
x,v], = 5([1',\,')’] +[X,rY]) (2.9)

and by virtue of (2.8) satisfies the Jacobi identity. Let r ='(r+id). It is readily seen that by virtue of (2.8) 7y : &* — &
are homomorphisms of Lie algebras. Letd =69 & (di;ect sum of two copies of ). Let ®° C  be a diagonal subalgebra.
The mapping 8* — v: X - (X4, X_), X+ = r« X, is an embedding of Lie algebras; thus, we can identify &* with a subalgebra
in 0. We equip the algebra with a scalar product, setting

(X, XD, YY) =(X,Y) - (X,Y". (2.10)
Proposition 2.3. 1. There is the following decomposition into a direct sum of linear spaces:
V=6’ + &°;

2. Let Pys, Py+ € End? be projectors onto °,&* C 0 parallel 1o the complementary subalgebra, ro = Pgs — Pg«. The
operaitor Ty is skew symmetric with respect to the scalar product (2.10) and satisfies the identity (2.8). Thus, r, defines on
0 the structure of a Lie bialgebra;
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3. The bialgebra (2,0*) is canonically isomorphic to the double (&, $*).
An explicit expression for the r matrix r, in terms of the original matrix has the form

Cpy = (2:‘ f”) € End(& @ ).

The bialgebra (®,&*) defined by means of an operator » € End &, satisfying the identity (2.8) is called a factorizabie
bialgebra. Thus, the double of a factorizable bialgebra is isomorphic (as a Lie algebra) to the square of &.

Now let G be a matrix algebraic group with Lie algebra &, D=GXG. The embedding &* C ? can be extended to a
homomorphism G*CD; we identify the group G" with the corresponding subgroup in D. Almost all the elements (x, neb
(except for elements of a subset of positive codimension) can be represented in the form

(z,y) = (L*, LW, 1), (2.11)

where (LT, LT)EG", (T, DEG’CD. Let p, V be a faithful matrix representation of the group G. The algebra of functions
on D is generated by the matrix elements (x> ,o(y),y-. The matrices L¥ and T can be regarded as (almost everywhere regular)
functions of x and y. Therefore, the matrix elements p(Li)lj, p(D);; specify a different system of generators of the aigebra
Fun(D). The functions p(L+)U, of 7) are rational functions on D whose singularities coincide with the set of elements (x, y)ED
for which the factorization (2.11) does not exist.

It is convenient to specify the Poisson bracket on D on the generators of the ring Fun D). As usual, we use tensor notation,
setting Ty =T®1, T,=I®T, etc.; by definition, the Poisson bracket {TY, T%} is the matrix in End V®End V whose matrix
elements are the Poisson brackets of the functions {ﬁ(T)ij, p(T)k{}. If no confusion is possible, we shall omit the index V.

Formulas for the Poisson brackets of two systems of generators — (x, y) and (L%, T) — will be helpful. We have

{z{ 2]} =L1(r"2z) £2z)r"), " =(pRp)r, rc GG,
o } =300 o) 2wl e, 2.12)

{ylv }*r+y1 ‘?"2 j:y'l:l;"'ri‘v TZ:(P®P)T‘+, T’+E®®(§_
The brackets of the generators Lt and T are given by

(BT Ya =17V 10T, {05 L5}a = 1Y LiLS), e=+, {Li L7}e =LY, L7L7, (2.13)

{Lf,Tz}.*. = LTT’QT*, {L?:,Tg}- = 0. — (2}4)

Thus, the Poisson structures on D, differ only by the brackets between LT and 7. We recail that D_ is a Poisson—Lie
group; formulas (2.13) and (2.14) show how the Poisson manifold (but, of course, not as a group) D_ is the direct product
of its subgroups G and G*. The bracket (2.13)—(2.14) is nondegenerate.

The group D_ with bracket (2.12) or (2.13)—(2.14) is a Poisson—Lie group. Therefore, the diagonal mapping A: Fun
D_-Fun(D_ XD_) is a homomorphism of Poisson algebras. This mapping is readily described for the generators x, y:

Az =28z, Ay=yRy {2.15)

or, in more detail,

z)t} Z P(Z)zk ® P(z)kz

and, similarly, for p(y),-j.
It is readily verified that the multiplication D_ XD —D  is a Poisson mapping. Therefore, formula (2.15) is readily
transformed into the morphism

FunDy — Fun D ® Fun D,
which defines on Fun(D ) the structure of a left comodule over Fun{(D_). We set
Az =284y, Ayy) = Y- ®Y(4) {(2.16)

(the notation is obvious!).
There is one further group associated with duality theory — the dual double D*. By definition, D" is the Poisson group
corresponding to the Lie bialgebra (2*,9). Since ?* ~ & @ &* is a direct sum of Lie algebras, D*=GXG" as a Lie group.
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However, the Poisson structure on D* does not decompose into a product. The ring of functions on D" is generated by the
elements of the matrices p(L¥) and p(7). We denote these generators by *L* and *T to distinguish them from the generators
of the algebras (2.13)—(2.14). We have

{'N, T} =3In"TTT),  {"LF,°L} = 30n L L7,

{'LT,'L;} = [7‘+,'L1+‘L;], {‘Lli,‘Tg} = [r*,'Lf‘Tgl .17
The coproduct in the algebra Fun(D") is given by
AT ="T®'T, A‘L*=°L*@°L*. (2.18)

We turn to the study of what is for us the main bracket {,}, on D and consider in more detail the connection between the
different systems of generators of the ring Fun(D,). We note first of all that the decomposition (2.11) enables us to regard LT
as the generators of the ring Fun(D/G®) and T as generators of the ring Fun(G"\D). We can consider the decomposition

(2,y)=(T,'TY(L*,"L7)7}, (2.19)

in which the elements G°, G are multiplied in the reverse order. It is obvious that the matrix elements of 'T generate the ring
Fun(D/G"), and the matrix elements of 'L¥ the ring Fun(G\D). As we know, the canonical projections

D D
/
i/ " IZ/ Y’* (2.20)
D/G G\D D/G*  GN\D
form dual pairs. Thus, 'L* and 'T satisfy the relations (2.13) and (2.14), and also

{LF,' L3} ={T,'T:} =0. (2.21)

The decompositions (2.11) and (2.19) are the analog of the definition of the right and left moments in solid-state theory
or of the chiral decomposition in field theory (with regard to this last analogy, see [16]).

The factor spaces D/G, G\D can be canonically identified with the group G itself. The projections w, 7’ are given by the
formulas #(x, y)=xy~ !, 7'(x, )=y~ lx. Accordingly, in the rings of functions Fun(D/G), Fun(G\D) other generators can be
chosen. We set L=p(xy™!), 'L=p(y~'x) (where, as above, p is a faithful matrix representation of the group G). Obviously,

L=L*L")", 'L=(L*)""L".
The Poisson brackets of these generators are given by

{Li, Ly} = Liry Ly + Lar_ Ly — 1Ly Ly — (L Ly, (2.22)

{L1, T2} = LiTar. — Tyry Ly (2.23)

In accordance with the general theory, the symplectic sheets in D/G= G are connected components of the sets w(x’ ~1(x)),
x€EG\D. In the given case, 7(x, y)=xy "}, #'(x, y)=y~lx. Thus, the symplectic sheets in G=D/G are simply the classes of
conjugate elements, and the action of the group G on itself by conjugations gives the Poisson mapping

GxG—G:(z,L)— zLz™". (2.29)

Here, the Poisson bracket {L,, L,} is given by (2.22), and the bracket of the matrix elements of x by the formula {21, %} =141r,
XX;]. By duality, we obtain the morphism of Poisson algebras

Fun(G) — Fun(G) @ Fun(G): L s z.Lyz]". (2.25)

The action (2.22) and its dual coaction (2.25) provide a special case of so-called dressing transformations {12].
Note in conclusion that the Casimir functions of the algebra (2.22), i.e., the center of the Poisson algebra Fun(D/G), are
simply the central functions on the group G. The generators of the ring of Casimir functions have the form

ey, =tr LF = tr' L. : (2.26)
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3. QUANTIZATION

Let A be a quasitriangular factorizable Hopf algebra [1,15]. By definition, the condition on A means the following. There
is defined an element RE AR A (universal R matrix) that satisfies the relations™

A'(z) = RA()R™  (A'(s) = P(A(2))) (3.1)

(A®id)R = RisRas, (id®A)R = RisRiy, (e®id)R = (id®e)R = 1. (3.2)

Under these assumptions, the element RE A® A is invertible and R™!=(5®id)R, where § is the antipode of A. We set R, =R,
R_=P(R™Y). Let A" be the dual Hopf algebra, and A® be the same algebra with opposite comultiplication. We define mappings
by the formulas RE: A0-A:

R*: f—{f®Iid,Rs). _ (3.3)
It follows from the relations (3.2) that RT are homomorphisms of Hopf algebras. We consider the combined mapping

40 (rter™)a m(id @5 71)

AQA ——— A (3.9
The quasitriangular algebra A is said to be facrorizable if the composite mapping is an isomorphism of linear spaces.
Let {e;} be a linear basis in A, and {¢'} be the dual basis in A%, Let
T=eRe; €A°QA (3.5)
be a canonical element. In accordance with the rules of tensor notation, we set

‘ T1T2:6i6j®€i®€j cA’A4, TN :eje‘®ei®ej cA°RAR A,

From (3.1)
T,Ty = R.T\Th R3". (3.6)
Let
L* = (R*Qid)T€ A® A, (3.7
We have
LEL® = RLLFLERYY,  L;jLY = R LYL; R (3.8)
We set L=Lt(L")~!. Then
Ri'LyRyLy = LiRZ' LR, (3.9)

Now suppose py and pyy, are representations of 4 in the spaces V and W. We set RVW=(pV®pW)R. Let
TV = (idQpy )T € A°QEndV, L*Y =(id®py)L* € AQEndV.
The relations (3.6}—(3.9) become

Tszlv — RZWTIVTZW(R;W)-l, L:;W thV — RKWL:-li:V LZiW(RKW)——I,

(RE*) L REY LY = LY (RE) L REY.

We now assume that the algebra A is semiclassical, i.e., is defined over C[[A]], where % is the deformation parameter,
and A/hA (as Hopf algebra) is identical to the universal covering algebra of some Lie algebra &, R, =1+hr +o(h), where
ry € U(®)®2. It is easy to show that in reality r. € &® &, where & can be identified with the subalgebra of primitive
elements in U(®), and r, satisfy the classical Yang—Baxter equation. In the semiclassical limit, the factorization mapping (3.4)
generates an isomorphis;n &* — &, i.e., an invariant scalar product on &; thus, the algebra & inherits the structure of a
factorizable Lie bialgebra. Therefore, there are defined the groups G, G* and the Poisson algebras of functions Fun(G),
Fun(G"). We assume that G, G"* are matrix algebraic groups and that their faithful representation in the space V is consistent
with the representation py of the algebra A.

*As usual, P is the transposition operator, P(x®y)=y®x.
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Proposition 3.1. The associative algebras Fun(G), Funq(G*) generated, respectively, by the matrix elements of the
matrices TV and LY or LV and the relations (3.8) are quantizations of the Poisson algebras Fun(G), Fun(G") with relations
(2.13) and (2.22).

The construction of the operators T, L* in terms of the canonical element and the universal R matrix give the
homomorphisms A%Funq(G*), A*-aFunq(G). In fact, if p is a faithful representation, it is easy to show that these mappings are
indeed isomorphisms. If A = U,(&), then, using the explicit expressions for the universal R matrix [9,10], we can express the
generators LE, T in terms of the Drinfel’d—Jimbo generators (for ® = s/(2) these formulas are elementary and are given in
3D.

We define the action A®A =A™ by “left differentiations”:

t® f— D f =(z®id, Af). (3.10)
Obviously,
(z,f) = e(D:1), (3.11)

i.e., the canonical pairing between A and A” is given by the “value of the derivative at the identity.” We consider the algebra
of operators in A* generated by the operators of multiplication by elements f€A" and by differential operators D,, xEA. It
is convenient to express the commutation relations in this algebra by considering the operators

D;x = (D ®id)L* € End A* ® A.

Obviously, the mapping D: A—End A™ is a homomorphism of algebras, and therefore it is sufficient to calculate the commutation
relations between Dy + or D; and T.
Proposition 3.2.

D,+T, =TyD, 2 Rs, Dy To=T.RyDy, RZ', (L* T)=R.. (3.12)
1 1

To interpret these relations, we consider the algebra generated by the generators TV,

Vs LY (or L) and the relations (4.8)
augmented by the relations

¥

LT =TV LERIY, LYTY =TV RYW LY (RVV)-1. (3.13)

Proposition 3.3. 1. The algebra (3.8)—(3.13) is a quantization of the Poisson algebra Fun(D ). 2. The realization of
L, T by operators of differentiation and multiplication in A™ gives a representation of this algebra in the space End A.
It s natural to denote the algebra (3.8)—(3.13) by Fun,(D,); we shall call it the Heisenberg double of A. Multiplying
the matrices of the generators L¥, T, we can arrive at a more symmetric realization of the Heisenberg double.
Proposition 3.4. Let X=L1T 1, Y=L"T"1. We have the commutation relations

R+4Y1 4\'2 = 4X2X1 R:l, R+}’1},2 = YngR_—_l, R+X1}’2 = }"24‘{1 R;l (3].4)

The algebra (3.14) is a quantization of the Poisson algebra (2.12).

Besides the Heisenberg double, there is also defined the Drinfel’d double of the algebra 4 [1]. We recall that the double
of the Lie bialgebra (&, ") is the bialgebra (0,0"). Let D, D™ be the corresponding Poisson—Lie groups. The Drinfel’d double
is the canonically defined quasitriangular factorizable Hopf algebra D, which is a quantization of the bialgebra (2,2"). In
accordance with the quantum duality principle, D = Fun,(D*), and the dual Hopf algebra D* = Fun,(D-).

We first describe the last algebra in terms of generators and relations. Comparison of the expressions for the Poisson
brackets {,}, on the group D shows that the commutation relations between the elements of Lt and between the elements of
T are the same as in the algebra Funq(D +); the crossed commutators are zero.

Proposition 3.5. The associative algebra Funq(D_) generated by the matrix elements of the matrices £%, T with the
relations

RTLT =TTR,  RoLELy = LECER,,  R.LHL; =L;L1R., TLE=LET, (3.15)

is isomorphic (as an algebra) to the dual Drinfel’d double D*.
To describe the coproduct in the algebra Funq(D‘), it is convenient to go over to a different system of generators [this
transition is suggested by formulas (2.12)]. We set

HX=LvT, Ov=r-T. (3.16)

Proposition 3.6. 1. The matrices (7)X, (7)Y satisfy the commutation relations
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XX, = RyOXOIXR, OO = REOVOYERT,  OnOX, = ROXCOIMED. 37
2. The formulas
AX = OIX@X, AY = Dlyglly
define on Funy,(D_) the structure of a Hopf algebra, this algebra is isomorphic to the dual Drinfel’d doubie D*.
3. The formulas
AX =CX@X, ALY =UYRy
define on the algebra Fun (D) the structure of a left D* comodule.

The algebra Funq(D ) admits a similar description.
Proposition 3.7. The associative algebra Fun q(D*) generated by the matrix elements of the mairices™ L%, °T with relations

475‘7-1 — R“Ii“];R-l, ‘Lgi‘ﬁf: - R+‘£T‘£$R:1,

*LPLH = RULHLIRYY,  'LET = RSTCULTRT
and with coproduct
AT =*T&*'T, ATLE = *LEQLE
is isomorphic to the Drinfel’d double D as a Hopf algebra. .

The algebra Funq(D*) also admits a natural “operator” realization. We first define the (right) adjoint action of the Hopf
algebra A on itself:

Ad:ARA—A:z®y— Sy ez, (3.18)

1

where Ay=)§1)®)§2) is the coproduct in A.
The coadjoint action Ad*: A" ®A4-4 is defined by

(Ad*(f®z),y) = (f,Ad(z B y)). (3.19)
We have
Ad(f®z) = (SFV D, 2)£P, (3.20)

where Amf — f]gn ®f_§2) ®f_§3)'
We consider the algebra of operators in A*=Funq(G) generated by the operators of multiplication m(f), fE A", and by the
operators Ad" x, x€A=Funq(G*). Let
LY = (Ad*®id,) LY, TV = (m®i1d)T",

where LV, TV have the same meaning as in (3.6) and (3.5).
Proposition 3.8. The relations between the operator matrices *L* *T have the form

‘LT = R LERD. (3.21)

Thus, the algebra generated by the matrix elements of the operator matrices *L*V,*TV is a representation of the algebra
Funq(D +)-

We now describe the quantum analog of the Poisson reduction and of the chiral decomposition for the aigebra Fun (D)
[ef. (2.20)—(2.22)]. We have seen above that the algebra Funq(D+) has the natural structure of the left Funq(D_) comodule.
Similarly, there is also defined the structure of the right Funq(D_) comodule. We can specialize these formulas and obtain on
Funq(D +) the structure of the left and right Funq(G) comodule. Namely, we set

ALX =T®RX, ALY =TQY, ApX =X®T ', AgY =YQT}, (3.22)

where T is the matrix of generators of the algebra Funq(G), T-1=(5®id)T, and S is the antipode of the algebra Funq(G). The
necessary formal properties of the homomorphisms A;, Ap are directly verified. Now let Funq(G\D), Funq(D/ G)CFunq(D +)
be subalgebras of left- (right-) invariant functions. By definition,

@ € Fun,(G\D) <= Arp € 1 @ Fun, (D), ¢ € Fun,(D/G) <= Agy € Fun,(D,)® L.

Proposition 3.9. The algebra Fun(G\D) is generated by the matrix elements of the matrix 'L=X"'Y, similarly, the
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algebra Funq(D/ G) is generated by the matrix elements of the matrix L=XY". The commutation relations of the matrices L,
'L are given by (3.9); in addition, L{Ly="L,L,, i.e., the subalgebras Funq(D/ G, Funq(G\D) centralize each other. Thus,
Fun (D/G) = Funq(G*).

Obviously, the algebra Fun q(D/ G) preserves the structure of the left Funq(G) comodule defined by

AL =T L,T" ' (3.23)
(or, in detail,
AL,'J' = nkT[:;l ® LH).

Formula (3.23) defines in the given situation the quantum analog of “dressing transformations.” The following simple
proposition is the analog of the description of the center of the Poisson algebra Funq(G) at the end of Sec. 2 [see (2.24)—(2.26)]
and simultaneously Gel’fand’s well-known theorem on the center of the universal covering algebra.

Proposition 3.10. The center of the algebra Funq(D/ G):Funq(G*) is identical to the subalgebra of invarianis of the
coaction (3.23), i.e., functions goEFunq(D/ G) for which Ap €& 1®anq(D/ G).

We shall consider in more detail the quantum dressing transformations in a separate paper.

4. HEISENBERG DOUBLE AND QUANTUM FOURIER TRANSFORMATION

In studying the commutation relations for the operators L*, T we have hitherto fixed the representation (p, V). If we
consider arbitrary irreducible representations and their direct sums, then the quantum duality principle can be related to the
intuitively attractive Fourier transformarion [see formula (1.1)].

Let A be a Hopf algebra, and A* be the dual Hopf algebra. Let A=Spec A be the set of irreducible representations of A.
We do not introduce on 4 any star structure, i.e., we do not assume that the representations AEA are unitary. We require A
to be closed with respect to the tensor product (this condition is formulated more precisely below). For A€ 4, let Vy, be the
corresponding irreducible 4 module.

Let Fun A be the space of functions on the spectrum such that ¢, €End V). We shall represent the dual space as a space
of “matrix-valued measures™ on A. For ¢ € Fun 4, o=do(\) EMes 4, we set

(o201 = [ trv, (63 do (). @1
A
The condition that A be closed with respect to the tensor product takes the form that for all 7, =, €A, x€E4
T @ me(z) = /A @ try, (Mz) dC(A; 7y, 7\'2)), 4.2)
A

where dC(\; 7, 7,) € Mes A®Fun AQFun 4 are Clebsch—Gordan coefficients.
Similarly, we define A*=Spec 4™ and the spaces Fun 4, Mes 4™
We denote by R the canonical element in 4*® A (we change somewhat the notation introduced in Sec. 3} and set

T,=(d8p)R, ped, L,=(®id)R, A" (4.3)
We define the spectral representation of T: Mes A—A" by

T(¢)=Atrvp(Tp dy(p)). (4.4)

Similarly, the spectral representation of L: Mes A4 is defined by

L(;{;):v/:?‘ trw, (Lx dyp(M). | G

We define convolutions of measures:
x:Mes A ®Mes A — Mes A, +:Mes A* @ Mes A* — Mesfi’,
requiring that

T(o1*92) = T(p:1)T(02),  L{%1 * ¥2) = L(¥1) L (). (4.6)

1301



Proposition 4.1, 1. The convolution of measures on A is defined by

©1 * 93(p) /A Uy, ev,, (C(P3 p1, p2) dos (1) dea(p)),
X AXA

where C(p; py, p,) are the Clebsch—Gordan coefficients of the algebra A.
2. Similarly, the convolution of measures on A" is defined by

Yy * If)'z(/\) = [ . tfw,\lgw,\2 (C*(/\} /\1,/\2) d(Ay) dlbz(/\w)),
A*xA*

where C'(\; Aj, A,) are the Clebsch—Gordan coefficients of the algebra A"
In terms of spectral representations, the pairing 4" ® 4->C takes the form

(19 = [ ttvem, (R, delp) do(3), @7
AxA*
where
Ry, =(A® p)R. (4.8)
We define the Fourier transformation

® : Mes A* — Fun //f,

setting
(@9)(p) = / trw, (R, dB(N). .9)
A'

Proposition 4.2, (11 * 1,) = P9, P,
Similarly, we define the conjugate transformation

" : Mes A — Fun A*.

Example. Let A=S(V) be a symmetric algebra of the space V. Then A*=S(V"). We choose a basis {¢;} in V, and let
{¢'} be the dual basis in V*. Then the canonical element in A*®4 is given by

R = exp(ei ® €;).

The irreducible representations of 4 and A are one dimensional, and we can identify Spec A with the space V", for the dual,
Spec A*=V. Thus, the convolutions (4.6) are transformed into ordinary convolutions of measures in a linear space, and the
Fourier transformation (4.9) into an ordinary Fourier—Laplace transformation.

We define the action of Mes A" on Mes 4 by

V®p — - p.

Proposition 4.3. The algebra of operators on Mes A generated by the operators of convolution with measures ¢ & Mes
A and operators of multiplication by &y, Y € Mes A’ is a representation of the algebra Funy(D ;).

If A is a quasitriangular Hopf algebra, it is easy to define a variant of the theory of Fourier transformation with kernels
R J_z‘”, A\, u€Spec A. Because of the lack of spéce, we shall not dwell on this.

5. TWISTED DOUBLE. DEFORMATIONS OF CLASSICAL
AND QUANTUM ALGEBRAS

We turn to the consideration of Poisson algebras of functions and consider their deformations. We first consider a simple
example — deformation of the Lie—Poisson bracket on the dual space to the Lie algebra. Let & be a Lie algebra such that
H?*(®) # 0. We choose a nontrivial 2-cocycle w € C*(®), and let ®., = B+R be the associated central extension of &. The
dual space @; can be identified with &* @ R. The variable ¢ € R lies in the center of the Poisson algebra Fun(@:,). Having
fixed ¢, we obtain a one-parameter family of Poisson algebras Fun(®*)., which can be regarded as deformations of the Poisson
algebra Fun(®*). Obviously, the “universal deformation” of the algebra Fun{(®*} is parametrized by the elements of the group
HY(8). '
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For Poisson groups, one can pose the similar problem of the deformations of the Poisson algebras of functions. We first
consider how in this situation the deformations associated with the central extensions of groups are described [17].

Suppose, as in Sec. 2, (&, ") is a factorizable Lie bialgebra, 8 € Der(®, &*). By definition, 9 is a differentiation of the
algebra & that is skew symmetric with respect to the scalar product on & and commutes with an operator » € End &. The
formula

w(X,Y) = (X,8Y) (5.1)
defines a 2-cocycle on ®; thus, we obtain a homomorphism Der(®, &) — C?(&). In the typical situation, & = L2 is a loop
algebra with standard “trigonometric” r matrix, and ¢=0, is the derivative with respect to the loop parameter. In this case,
the group of classes [Der(@, QS')] (i.e., the factor group of all differentiations with respect to the module of the internal ones)
is isomorphic to H*(L). For simple 9, the group H*(L2U) = R is generated by the cocycle (5.1).

Let & = & + Re be the central extension of the algebra ® generated by the cocycle (5.1). It can be shown that & has
the canonical structure of a Lie bialgebra, and the dual algebra ®* is the semidirect product
8" =& +RA.

More precisely, we define in &* the commutator by

[f +ad g+ B0] = [f,gl. + abr(g) — BOr(f). (5.2)

Proposition 5.1. The pair (@5, @') is a Lie bialgebra.
It is easy to describe the double of the bialgebra (&, 3*). We do this under the simplifying assumption

J—8or? =90 (5.3)
(this condition is satisfied for standard trigonometric r matrices on loop algebras). Let

~

=866, 0=0+Re+RA.

P X\ _ [ 0X
X' )T A\=-0X")"
and we define the cocycle w,, which defines the “central” component of the Lie bracket in 5, by

(%) () =3 %)) 04

Proposition 5.2. Suppose the condition (5.3) holds. Then the algebra d is isomorphic to the double (®, &*); the
embedding &, 8" < 0 is given by

We extend the differentiation d to & @ & by

(X,a) i (X,X,QC,O), (ﬂﬂ) — (f+,f—707:86)-

(By virtue of the condition (5.3), the cocycle (5.4) vanishes on restriction to & Co. )

Let C be the group of automorphisms of (&, &*) generated by the differentiation 3. The Lie group corresponding to the
algebra & is the semidirect product G* x C. In accordance with the quantum duality principle, the quantum covering algebra
U (6) can be identified with Fun (G"). As a first step to the study of the quantum algebra, we consider the Poisson algebra
of functions on G*.

Proposition 5.3. Let ¢ be an affine coordinate on the group C' ~ R*. The function c lies in the center of the Poisson
algebra Fun(G").

The variable ¢ has the meaning of a central charge. Proposition 5.3 means that the bracket on G depends on ¢ € R” as
on a parameter, i.e., we obtain a one-parameter family of Poisson brackets {,}, on the group G*. After quantization, it is
associated with a one-parameter family of algebras

Uy(®). = Uy(8)/(c = const), | (5.5)

the factor group of the algebra U, (@) the algebras being obtained by “equating the central element to a constant.”

The algebra Fun(G") is obtained by reduction from the algebra of functions on the double D, . Similarly, the algebra
Fun(G* )¢ (i-e., the Poisson algebra of functions on the “section” G*x {c} C G*) can be obtained by reduction from the algebra
of functions on the twisted double.

It is remarkable that the definition of the twisted double, and also the description of the Poisson structure on Fun(G*)C,
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contains, not the differentiation 4, but the finite automorphism exp(cd) € Aut{®, &"). Therefore, we can define the twisted
double and twisted bracket on G in a more general situation.

Let D=GXG, 7€ Aut G be an automorphism. We assume that the corresponding automorphism of the Lie algebra
commutes with the » matrix and preserves the scalar product in &. Let

7= <1 2) € Aut(G x G).

0
We set
PP r ~2r, o7t
Ty = Try7T = (27_ or. —r ) (5*6)
and define the Poisson bracket on D by
o, v}, = {(r X, YY) + (T X Y7, (5.7

where X, X', Y, Y’ are the right and left gradients of ¢ and y defined by (2.5). [Note that the Jacobi identity for (5.7) holds
by virtue of the Yang—Baxter identity for ra, "ry.)

The group D equipped with the bracket (5.7) is called the rwisted double; we denote it by D.. As in Sec. 2, we assume
that G is a matrix algebraic group. Then the ring of functions Fun(D) is generated by the matrix elements of matrices p(x}) and
p(v), where p is a faithful matrix representation of G. The Poisson brackets between the generators are given by

{zi, 22}, = %(”’1"32 +51zor), {n, 42}, = %(Tyxyy + ¥1ya7),

{y1,52), = —romzo —yizorl, ¢} =(d®7)r, €638, (5.8)

Let G and G* be dual Lie—Poisson groups.
Proposition 5.4. 1. The actions of the group G on D, by left and right shifis in accordance with the formuias

GxD—D:g(z,y)=(g92,9y), DxG—D:(z,y)g=/(29,99)

are admissible and form a dual pair.
2. Similarly, the actions of the group G" on D, in accordance with the formulas

G*x D - D:h(z,y)=(hyz,h_y), DxG" — D:{z,y)h = (zhy yhl)

are also admissible and form a dual pair.
The reduced spaces D/G, G\D can be identified with the group G by means of the projections

p:D—=Gi(z,y)—y s, pP:D—=Gi(z,y) —aly)
(where tfor brevity we denote 7=7"1). The reduced bracket on G is defined on the generators of its affine ring by
{Li,Ly}s = Lirl Ly + LyrT Ly — 7L Ly — 2Ly Lo, 5.9

where 7, = (id®7)ry, 1T = (r ® id)r_ [note that (& 7)r=r by virtue of the invariance of r].

Another description of the reduced spaces D/G, D/G" can be obtained by means of the factorization problem on D.
Consider the decomposition

(z,y) = (L*, L7)T,T7)", (L*,L7)eG" CD, TeG. (5.10)

Such a decomposition exists for almost all x, y. Thus, up to submanifolds of positive codimension we can identify G\D=G,
D/G=G" and define reduced brackets on the generators of the affine rings G, G*. The reduced bracket on G'\D=G is the
ordinary Sklyanin bracket,

{1, T2} = {r, . T3},
and it does not depend on the twisting. The bracket of the generators L*, L™ is given by
{L¥, L5}, = Mr LELE), {LT,LyY}, =riliLly — LTL;rT. (5.11)
The connection with formula (5.8) is given by means of the twisted factorization problem:

L=L7'L7.
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Finally, using the decomposition (5.10), we can also express the bracket on D in terms of the generators L, T. Ttis sufficient
to calculate only the bracket {L%, T,}. The calculation gives

{LF, Ty} = L¥Tyry,

i.e., the same formula as in the untwisted case.

Now suppose 7=exp(cd), where 9 is a differentiation of (&, *) that satisfies the condition (5.3). Then the bracket (5.10)
is identical to the bracket on Fun(G"), constructed from the central extension of the bialgebra (&, &*) by means of the cocycle
(5.1).

The appearance of finite automorphisms instead of differentiations in formulas (5.8)—(5.11)is a manifestation of a general
principle: For quantum groups (and even for Poisson Lie groups) the difference analogs appear in place of the differential
operators. In the given case, the deformations of the Poisson structures are parametrized by means of the group of outer
automorphisms Out(G, G*), which, generally speaking, is larger than the “infinitesimal” group [Der(®, &%) ~ H*(®).

A typical example when the group Out(®, &*) is fairly large is associated with lattice systems. We describe it in more
detail. . .

Let (&, ") be a Lie bialgebra, G = ®®, G* = ®®*. It is convenient to regard elements of G, G* as functions on Z/NZ
with values in ®, 8°. Let 7 € Out§ be a cyclic permutation. Clearly, 7 is an automorphism of the bialgebra (G,G*). In the
“continuum limit” the periodic chain Z/NZ becomes the circle, the algebra G becomes the loop algebra L®, and the
automorphism 7 becomes an outer differentiation d, of the algebra L&, associated with its canonical central extension. The
twisting by means of the automorphism 7 of the Poisson algebras Fun(G™) and their corresponding quantum algebras imitates
in the finite-dimensional situation the effects of the central extension of the loop algebra.

The affine ring of the group GV is generated by the matrix elements p(L‘)ij, s€ Z/NZ. Specializing formulas (5.9) in the
case when 7 is a cyclic permutation, we obtain the Poisson brackets

{L¥, L3}, = —LrLbLh - LLELSr,  {LE LEV'), = Lir LEYY, {LE L1}, =0 for (k-1)> 2. (5.12)

The bracket (5.12) is nonultralocal, i.e., does not decompose into a direct product of brackets on the factors. The
properties of this bracket are described by the following theorem.

THEOREM 5.5. 1. Let M: GN-G:(L!, ..., LM)=L"...I2L! be a monodromy mapping. If GV is equipped with the bracket
(3.11), and G with the bracket (2.13), then M is a Poisson mapping. 2. Suppose that N is odd. Then the ring of Casimir
Junctions of bracket (3.11) is gererated by the functions

Co(L',...,LMy=t: M* k=1,2,..., (5.13)
and its symplectic sheets are orbits of the gauge transformations
GN X GN — GN . (g,L) — (glLl(ga)_l,...,gNLN(gl)'l).

Remark. The property of the monodromy matrix described in Theorem 5.5 plays an important role in the theory of
integrable systems. More generally, let R € End(® @ &) be an arbitrary solution of the modified Yang—Baxter equation on
the square ©,

(A B o
R_(B: D), A=-A", D=-D'

We define a Poisson bracket on G by setting
{Li,L2}p = AL Ly — LiLyD + LyBLy — Ly B'L,. (5.19)
"The bracket {,}p admits twisting by means of cyclic permutation on the lattice:
(LY, LY rs = ALTLy — LYL3D,  {LE LE¥'},, = LEBLEYY, {15, I}p, =0, |Jb—1]>2. (5.15)
We assume in addition that 4—B'=D—B. Then the monodromy mapping
M:G ., — Gy

is a Poisson mapping. The functions (5.13) are in involution with respect to the bracket (5.15).

Note also that for semisimple and affine Lie algebras the solutions of the Yang—Baxter equation (2.8) on the square &
can be completely classified (cf. [18]); r, the matrix of the double (22), is a special case of such a solution.

We now turn to the description of the quantum twisted double Funq(DT). We assume that 7 is an automorphism of the
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algebra End V such that (7&® DRV =R"Y. We set
R" = (id®7)R. {5.16)

We denote by Funq(TG), Funq("G*) the algebras generated by the usual generators 7, Lt and by the relations (3.6)—(3.8), in
which the R matrix R is replaced by R7. We define the algebra A, = Fun,(D,) as the free algebra whose generator is given
by the matrix elements of the matrices X, YE A, ® End V, which satisfy the relations

X2X1 = R+X1X2R_, }’gyvl = R+Y1Y2R—~7 YgXl = R+1\’1Y2R:. (5.}17)

It is obvious that the algebra with the relations (5.17) is a quantization of the Poisson algebra Fun(D,).

The analog of the Poisson reduction described in Proposition 5.4 is the following construction, which uses the structure
of the dual comodule of the algebra Funq(D,,).

Proposition 5.6. 1. The formulas

ALX =T®X, ALY =TQY, ArX=XQT™', ApY=Y®IT)', T =(denT (5.18)

define on Funq(DT) the structure of a left Fun,(G) and right Fun (G) comodule. 2. The subalgebra of “left-invariant functions,”
i.e., elements fE Funq(DT) that satisfy the condition Arf& 1®Funq(DT), is generated by the matrix elements of the matrix
L=Y"1X: the commutation relations L have the form

LyRyLi(RL)™ = RLL R L.

Similarly, the subalgebra of right-invariant functions in Funq(D7) is generated by the matrix elements of the matrix
'L=X(Y""1; we have

R_:_“Lz R‘;’Ll - ILl(RT_)—“LgR_.

In addition LiL,="L,L,, i.e., the subalgebra of right- and lefi-invariant functions centralize each other.
Formulas (5.17) are the quantum analog of formulas (5.8).
In the algebra Funq(DT) we can specify a different system of generators analogous to the generators LE, T.
Proposition 5.7. The algebra whose generators are the matrix elements of the matrices L*, T satisfying the relations

LFL* = R LELERTY, Tl = RWTLLRY, LyLi = ReLYL;(R,)™,  LED+ = TyLERs, (5.19)

is isomorphic to the algebra Funq(D +)- The correspondences between the generators X, Y and L*, T are given by X=L T~ H
Y=L—(I")~!, where TT=({id®1)T.

The main example of twisting that we consider is associated with lattice systems. Suppose, as in Theorem 3.5, the group
G" is regarded as a group of functions on the periodic lattice Z/NZ with values in G. The quantum algebra Funq(GN) can
be described by means of the generators I*, i € Z/NZ ,and the relations

R\TITi = TiTiR,, TiT =TIT!, i#]j. (5.20)
Let
Ri_j_{R, i=j, B,
=1 i) (5.21)

. N AP
The matrix R*™/ can be regarded as an operator in @V Let 7 be a cyclic permutation, 7(i)=(i+1)}(mod N). Then R~ U=R"/,
and the automorphism 7 makes it possible to twist the quantum algebras of functions. We arrive at the following algebras
associated with the lattice:
1. The twisted double with generators X*, Y* i € Z/NZ, and relations
NiXi=ROXIXIRT, ViV = ROVYRY,  YiXi= ROXDRDT 5.22)
2. The twisted algebra Funq(G’;) = Funq(DT/ G) with generators L! and relations
LR LYRT ™)™ = R LR L (5.23)

THEOREM 5.8 }8]. 1. Ler

M:HL‘
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be the monodromy matrix; then

MR M, Ry' = R_M; R M. (5.24)

Thus, the monodromy generates the embedding

Fun,(G*) — Fun,(D. /G).

2. Let N be odd. Then the algebras Funq(DT/ G) and Funq(G*)CFunq(DJ G) have the same centers.
We have described above the structure of the center of the algebra Funq(G*) in Proposition 3.10.
The algebra Fun/(D_/G) is a deformation of the algebra U,{(®)®". 1t can be shown that in the “continuum limit” this

algebra goes over into the algebra U(L®&), =U (f@) /(¢ = const), i.e., into the deformation of the universal covering loop
algebra L® obtained by “equating the central charge to a constant.”

s

10.
11.
12.
13.

14.
15.
16.
17.
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