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In a nutshell

The Kontsevich integral is

@ a powerful knot invariant, taking values in a space of Feynman
diagrams
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@ equivalent to the collection of all so-called finite type invariants
@ strictly stronger that all “quantum” invariants
o defined from a perturbative expansion of the WZW conformal field
theory

A. Brochier What is... The Kontsevich integral ? December 15, 2016



In a nutshell

The Kontsevich integral is

@ a powerful knot invariant, taking values in a space of Feynman
diagrams

@ equivalent to the collection of all so-called finite type invariants

@ strictly stronger that all “quantum” invariants

o defined from a perturbative expansion of the WZW conformal field
theory

o deeply related to deformation-quantization.
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Finite type invarian

@ ldea: studying the space of knot invariants, rather than a single one.
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Finite type invariants

@ ldea: studying the space of knot invariants, rather than a single one.

@ Vassiliev (~ 90): try to approximate this space by defining a
filtration, using those invariants having a nice behaviour under flip
of crossings (example of a “wall-crossing” phenomena).
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filtration, using those invariants having a nice behaviour under flip
of crossings (example of a “wall-crossing” phenomena).

Definition
A singular knot is a map S* — R3 with a finite number of self
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Finite type invariants

@ ldea: studying the space of knot invariants, rather than a single one.

@ Vassiliev (~ 90): try to approximate this space by defining a
filtration, using those invariants having a nice behaviour under flip
of crossings (example of a “wall-crossing” phenomena).

Definition
A singular knot is a map S* — R3 with a finite number of self
intersection.

Definition
let f be a knot invariant. Its extension to the space of singular knots is
defined using the skein relation:

f ::fX—fX
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Finite type invarian

Definition
An invariant is of degree at most n if it varnishes on singular knots with
at least n+ 1 singularities.
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Finite type invariants

Definition
An invariant is of degree at most n if it varnishes on singular knots with
at least n+ 1 singularities.

@ This defines a filtration on the space of invariants.
@ An invariant of degree 0 is constant.

@ More generally, is f is of degree n, then f applied to a knot with
exactly n singularities is blind to the topology.
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Finite type invariants

Definition
An invariant is of degree at most n if it varnishes on singular knots with
at least n+ 1 singularities.

@ This defines a filtration on the space of invariants.

@ An invariant of degree 0 is constant.

@ More generally, is f is of degree n, then f applied to a knot with
exactly n singularities is blind to the topology.

@ Hence, it knows only the combinatorial information given by the
position of the singularities, encoded by a chord diagram:
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Finite type invarian

@ Hence every invariant of degree exactly n induces an invariant of
the space of chord diagrams, which is 0 except on diagrams with
exactly n chords.
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Finite type invariants

@ Hence every invariant of degree exactly n induces an invariant of
the space of chord diagrams, which is 0 except on diagrams with
exactly n chords.

@ This descends to an invariant on the quotient of this space by
certain homogeneous relations: The “1T" or “framing independence’
relation, saying that diagrams with an isolated chord are 0, and the
so-called “4T" or “infinitesimal braid” relation.
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Finite type invariants

@ Hence every invariant of degree exactly n induces an invariant of
the space of chord diagrams, which is 0 except on diagrams with
exactly n chords.

@ This descends to an invariant on the quotient of this space by
certain homogeneous relations: The “1T" or “framing independence”
relation, saying that diagrams with an isolated chord are 0, and the
so-called “4T" or “infinitesimal braid” relation.

@ Analogy: evaluating on knots with n singularities is like taking the
nth derivative.

Question

Can we go the other way around ? Can every invariant of diagram be
integrated to a knot invariant 7
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Chord diagrams as Feynman diagrams

@ Chord diagrams are related to lie algebras: if g is a Lie algebra
equipped with an invariant, symmetric pairing (e.g. gl, with
(A,B) — Tr(AB)),let t =Y e ®e' € g gand V a finite
dimensional g-module.
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equipped with an invariant, symmetric pairing (e.g. gl, with
(A,B) — Tr(AB)),let t =Y e ®e' € g gand V a finite
dimensional g-module.

@ Every chord diagram can be paired with this data to produce a
number. This descends to the quotient by the 4T relations, and
upon renormalization by the 1T relation as well.
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Chord diagrams as Feynman diagrams

@ Chord diagrams are related to lie algebras: if g is a Lie algebra
equipped with an invariant, symmetric pairing (e.g. gl, with
(A,B) — Tr(AB)),let t =Y e ®e' € g gand V a finite
dimensional g-module.

@ Every chord diagram can be paired with this data to produce a
number. This descends to the quotient by the 4T relations, and
upon renormalization by the 1T relation as well.

@ Roughly: each dotted line is a copy of t. Multiply its components in
the correct order, act on V and take the trace.

— TI’\/(Z e;ejeiej)
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Chord diagrams as Feynman diagrams

@ From the same data, one can define a system of differential
equations on the configuration space C, of n points in the plane.
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Chord diagrams as Feynman diagrams

@ From the same data, one can define a system of differential
equations on the configuration space C, of n points in the plane.

@ This is the Knizhnik—Zamolodchikov equation:
oF thJ

d_p
0z

F

Z,'—Zj

where F : C, — V®"[[A]] and t'¥ is t acting on the ith and jth
component.
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oF thJ
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0z

F
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component.

@ This system is integrable, and equivariant w.r.t. the obvious action
of S, on C, and V.
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Chord diagrams as Feynman diagrams

@ From the same data, one can define a system of differential
equations on the configuration space C, of n points in the plane.

@ This is the Knizhnik—Zamolodchikov equation:

oF thJ

d_p
0z

F

Z,'—Zj

where F : C, — V®"[[A]] and t'¥ is t acting on the ith and jth
component.

@ This system is integrable, and equivariant w.r.t. the obvious action
of S, on C, and V.

@ By analytic continuation of solutions, one gets a representation of
the braid group B, on V®"[[R]].
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Chord diagrams as Feynman diagrams

@ Kontsevich: up to some rather subtle renormalization, the KZ
equation can be integrated along a knot. The result is a formal
power series in C[[R]] which is a knot invariant.
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equation can be integrated along a knot. The result is a formal
power series in C[[R]] which is a knot invariant.

@ This invariant has a Feynman diagrammatic expression, as a sum
over all possible chord diagrams.
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Chord diagrams as Feynman diagrams

@ Kontsevich: up to some rather subtle renormalization, the KZ
equation can be integrated along a knot. The result is a formal
power series in C[[R]] which is a knot invariant.

@ This invariant has a Feynman diagrammatic expression, as a sum
over all possible chord diagrams.

@ Each term is a product of two number: the one obtained by pairing
the diagram with (g, t, V) which doesn’t depends on the knot, and
one obtained as a value of a certain integral along the knot, which
doesn’t depends on g.

A. Brochier What is... The Kontsevich integral ? December 15, 2016



Chord diagrams as Feynman diagrams

@ Kontsevich: up to some rather subtle renormalization, the KZ
equation can be integrated along a knot. The result is a formal
power series in C[[R]] which is a knot invariant.

@ This invariant has a Feynman diagrammatic expression, as a sum
over all possible chord diagrams.

@ Each term is a product of two number: the one obtained by pairing
the diagram with (g, t, V) which doesn’t depends on the knot, and
one obtained as a value of a certain integral along the knot, which
doesn’t depends on g.

@ Hence, one can write down a universal version of this as a formal
sum of diagrams (i.e. without having to choose (g, t, V)).
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Kontsevich theorem

This is the Kontsevich integral:

c 1 A dzj — dz!
=pl=3 —_1)¢ f i
Z(K) =v Z(zm)n / S (PN D
n>0

tmin <t1 <+ <ta<tmax F=1(21,2])}

where:
@ K is a knot seen as a function S > 0 — (z(),t(0)) € C x R
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Kontsevich theorem

This is the Kontsevich integral:

c 1 A dzj — dz!
=pl=3 —_1)¢ f i
Z(K) =v Z(zm)n / S (PN D
n>0

tmin <t1 <+ <ta<tmax F=1(21,2])}

where:
@ K is a knot seen as a function S > 0 — (z(),t(0)) € C x R
@ the t's are non-critical points on the R axis

@ (z,z]) is a pair of points in C such that (z, t;) and (z/, t;) are on K
and distinct
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Kontsevich theorem

This is the Kontsevich integral:

c 1 A dzj — dz!
=pl=3 —_1)¢ f i
Z(K) =v Z(zm)n / S (PN D
n>0

tin <ty <+ <ty <tmax T=1(21:2])} i=1

where:
@ K is a knot seen as a function S > 0 — (z(),t(0)) € C x R
@ the t's are non-critical points on the R axis
@ (z,z]) is a pair of points in C such that (z, t;) and (z/, t;) are on K
and distinct
@ Dp is the diagram obtained by joining each (z, t;) and (z/, t;) on K
by a dotted line and seeing the result as a chord diagram
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Kontsevich theorem

This is the Kontsevich integral:

Z(K):Vlggo(Q;,)n / Z (71)¢/\dj;d/2l/DP

tin <ty <+ <ty <tmax T=1(21:2])} i=1

where:
@ K is a knot seen as a function S > 0 — (z(),t(0)) € C x R
@ the t's are non-critical points on the R axis
@ (z,z]) is a pair of points in C such that (z, t;) and (z/, t;) are on K
and distinct
@ Dp is the diagram obtained by joining each (z, t;) and (z/, t;) on K
by a dotted line and seeing the result as a chord diagram

@ v is certain renormalization factor, and ¢ is the number of critical
points (w.r.t. t) on K.
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Kontsevich theorem

Theorem (Kontsevich)

The series Z(K) is a knot invariant. Let I, be the space of invariants of
degree at most n. Then Z induces a filtered, linear isomorphism from I,
to the dual of the space of chord diagrams with at most n chords.
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Kontsevich theorem

Theorem (Kontsevich)

The series Z(K) is a knot invariant. Let I, be the space of invariants of
degree at most n. Then Z induces a filtered, linear isomorphism from I,
to the dual of the space of chord diagrams with at most n chords.

@ In other words, this is a universal finite type invariant in the

following sense: let f be a finite type invariant, f the invariant of
chord diagram it induces. Then:

f=foZ+lo.t.
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